We characterise the strongly dualisable three-element unary algebras and show that every fully dualisable three-element unary algebra is strongly dualisable. It follows from the characterisation that, for dualisable three-element unary algebras, strong dualisability is equivalent to a weak form of injectivity.
The theory of natural dualities is a study of quasi-varieties of the form ÁËÈ.M/, where M is a finite algebra. We aim to set up a natural dual equivalence between the category := ÁËÈ.M/ and a category of structured topological spaces. This duality can often provide a practical representation of the algebras in in terms of simpler objects. Priestley's duality for the quasi-variety of distributive lattices is a prime example of a very useful duality (see [9] ). As well as finding and using practical dualities, natural-duality theoreticians tackle more esoteric problems. We are interested in understanding which finite algebras M allow us to set up a natural duality for ÁËÈ.M/, and what the existence (or non-existence) of this duality can tell us about the quasi-variety ÁËÈ.M/.
The theory of natural dualities is well developed and contains some powerful theorems for creating dualities. Nevertheless, our understanding of what makes an algebra dualisable, fully dualisable or strongly dualisable is rather limited. In this paper, we aim to gain some insight into strong and full dualisability by investigating threeelement unary algebras. Unary algebras, especially three-element unary algebras, may seem very simple. But, from the point of view of natural-duality theory, they are rather complicated. This study complements the paper [4] , by Clark, Davey and The author wishes to thank Brian Davey for supervising this project. c 2002 Australian Mathematical Society 1446-8107/2000 $A2:00 + 0:00 188 J. G. Pitkethly [2] Pitkethly, which classifies the dualisable three-element unary algebras. We give a characterisation of the strongly and fully dualisable three-element unary algebras. In particular, we show that strong and full dualisability are equivalent within this class. In general, it is not known whether every fully dualisable algebra is strongly dualisable. The strong dualisability of an algebra seems to depend on how close the algebra is to being injective. We show that, for dualisable three-element unary algebras, strong dualisability is equivalent to a weak form of injectivity. In [7] , Hyndman and Willard give an example of a three-element unary algebra that is dualisable but not fully dualisable. It follows from our characterisation that there are many three-element unary algebras that are dualisable but not fully dualisable. The (strong) dualisability of a three-element unary algebra is related to the number of different patterns of its unary term functions. Consider a finite unary algebra M. We shall define a kernel of M to be an equivalence relation on M that is the kernel of a unary term function of M which is not a constant map or a permutation. We call M an n-kernel unary algebra if n is the number of kernels of M.
The following theorem gives the classification of dualisable three-element unary algebras from [4] . This classification is most complicated within the family of twokernel algebras. To simplify the statement of the theorem, we use the fact that every two-kernel three-element unary algebra is isomorphic to a unary algebra, on the set {0; 1; 2}, with kernels {01|2} and {02|1}. (See Lemma 4.1 [4] .) We denote a unary operation u : {0; 1; 2} → {0; 1; 2} by the string u.0/u.1/u.2/. DUALISABLE THREE-ELEMENT UNARY ALGEBRAS. Let M be a three-element unary algebra.
.i/ If M is a zero-kernel or one-kernel algebra, then M is dualisable.
.ii/ Assume that M is a two-kernel algebra, on the set {0; 1; 2}, with kernels {01|2} and {02|1}. Then M is dualisable if and only if none of the following conditions hold: .iii/ If M is a three-kernel algebra, then M is not dualisable.
In this paper, we shall establish the characterisations of strongly and fully dualisable three-element unary algebras given below.
STRONGLY DUALISABLE THREE-ELEMENT UNARY ALGEBRAS. Let M be a threeelement unary algebra.
.i/ If M is a zero-kernel or one-kernel algebra, then M is strongly dualisable. [3] Strong and full dualisability 189
.ii/ Assume that M is a two-kernel algebra, on the set {0; 1; 2}, with kernels {01|2} and {02|1}. Then M is strongly dualisable if and only if both 010 and 002 are term functions of M and neither of the following conditions holds: .iii/ If M is a three-kernel algebra, then M is not strongly dualisable.
Explicit examples of strongly dualisable two-kernel three-element unary algebras may be obtained from Lemma 3.6.
FULLY DUALISABLE THREE-ELEMENT UNARY ALGEBRAS. Let M be a three-element unary algebra. Then M is fully dualisable if and only if M is strongly dualisable.
We have given an algorithm for deciding whether or not a particular three-element unary algebra is strongly dualisable. However, this algorithm does not really give us a feel for what makes a three-element unary algebra strongly dualisable. We shall show that, for dualisable three-element unary algebras, strong dualisability is equivalent to a weak form of injectivity. To make this more precise, we first need to give some definitions. (Many of the concepts we use throughout this paper are introduced in more detail, and with examples, in the paper [4] .)
Let M be a finite unary algebra and choose an algebra A from the quasi-variety := ÁËÈ.M/. The centre of A is defined to be the subuniverse where sg A .a/ denotes the subuniverse of A generated by a, for each a ∈ A. The relation E A is reflexive and transitive, and so is a quasi-order on A. Let G * .A/ denote the induced subgraph of G.A/ with vertex set A\C A . For every a; b ∈ A\C A and n ∈ AE ∪ {0}, we say that there is a fence from a to b in A of length n if there are edges x 1 ; y 1 ; : : : ; x n ; y n of G * .A/ such that
: : : J. G. Pitkethly [4] of A if and only if there is a fence from a to b in A. It is easy to check that every non-trivial algebra in is the coproduct of its petals. Now let P be a petal of A and let n ∈ AE. Define the distance function d P on P\C A such that d P .a; b/ is the length of the shortest fence from a to b in A, for all a; b ∈ P\C A . For each a ∈ P\C A , the ball in A with centre a and radius n, given by
determines a subalgebra of A. For a ∈ C A , we set n A .a/ := C A . Now define n A .B/ := {n A .b/ | b ∈ B}, for all B ⊆ A. The algebra M is said to be n-quasiinjective if, for all finite algebras A; B ∈ such that B A, every homomorphism x : B → M that extends to n A .B/ also extends to A. We shall show that the theorem below follows from our description of strongly dualisable three-element unary algebras.
QUASI-INJECTIVITY THEOREM. Let M be a dualisable three-element unary algebra. Then M is strongly dualisable if and only if M is n-quasi-injective, for some n ∈ AE.
Natural dualities
This section provides a quick introduction to duality theory. A more detailed account can be found in the text [1] , by Clark and Davey. Let M = M; F be a finite algebra and define := ÁËÈ.M/. An alter ego of M is a structured topological space M ∼ = M; G; H; R; Ì , on the same underlying set as M, such that:
.i/ G is a set of algebraic operations on M, that is, each g ∈ G is a homomorphism g : M n → M, for some n ∈ AE ∪ {0}; .ii/ H is a set of algebraic partial operations on M, that is, each h ∈ H is a homomorphism h : D → M, for some n ∈ AE and D < M n ; .iii/ R is a set of algebraic relations on M, that is, each r ∈ R is the underlying set of a subalgebra of M n , for some n ∈ AE;
.iv/ Ì is the discrete topology on M. For each A ∈ , there is a natural embedding e A : A ,→ ED.A/, given by e A .a/.x/ := x.a/, for all a ∈ A and x ∈ .A; M/. Similarly, for each X ∈ , we can define an embedding " X : X ,→ DE.X/ by " X .x/.Þ/ := Þ.x/. If e A is an isomorphism, for all A ∈ , then we say that M ∼ yields a duality on . In this case, we have a representation for : each algebra A ∈ is isomorphic to the algebra ED.A/ of all morphisms from its dual D.A/ into M ∼ . If e A and " X are isomorphisms, for all A ∈ and X ∈ , then we say that M ∼ yields a full duality on . In this case, the categories and are dually equivalent. The algebra M is (fully) dualisable if there is an alter ego of M that yields a (full) duality on .
As we shall see in Section 5, full dualities are rather complicated. There is a simpler, stronger notion that we often use instead. First, let S be a non-empty set and let F M .S/ denote the set of all S-ary term functions of M.
It is known that M ∼ yields a full duality on if and only if M ∼ yields a duality on and every closed substructure of a non-zero power of M ∼ is isomorphic to a term-closed substructure of a power of M ∼ (see [1] ). We now say that M ∼ yields a strong duality on if M ∼ yields a duality on and every closed substructure of a non-zero power of M ∼ is term closed. So every strong duality is also a full duality. At present, it is not known whether every full duality is also strong. The algebra M is strongly dualisable if there is an alter ego of M that yields a strong duality on .
By the First Strong Duality Theorem [1] , the structure M ∼ yields a strong duality on if and only if M ∼ yields a full duality on and M ∼ is injective in . There are close connections between the injectivity of M ∼ in and the injectivity of M in (see [1, Section 3.2] ). The strong dualisability of an algebra seems to be related to how close the algebra is to being injective. Certainly, every dualisable algebra that is injective in the quasi-variety it generates is strongly dualisable. This follows from results of Willard [10] , but it can also be proved directly using the results in [1] .
PROOF (Sketch). Assume that M is dualisable. Then there is a relational structure M ∼ = M; R; Ì that yields a duality on := ÁËÈ.M/. Define the set G := { .M n ; M/ | n ∈ AE ∪ {0}} and define the alter ego M ∼ := M; G; R; Ì of M.
Then M ∼ also yields a duality on . Since M is injective in , every algebraic partial operation on M is the restriction of an algebraic operation on M. It now follows that M ∼ yields a strong duality on by Exercise 3.1 and the Second Strong Duality Theorem, in [1] 
Zero-kernel and one-kernel unary algebras are strongly dualisable
The quasi-variety generated by a zero-or one-kernel unary algebra is especially simple. Consider a finite (not necessarily three-element) zero-or one-kernel unary algebra M and define := ÁËÈ.M/. There is a finite set of algebras that encapsulates the quasi-variety : each finite algebra in is 'nearly isomorphic' to a coproduct of algebras from . The finiteness of the quasi-variety suggests that [7] Strong and full dualisability 193 the algebra M should be dualisable. This is the case, and it is proven in [4] . To show that M is strongly dualisable, it now suffices to show that M has enough algebraic operations. We begin by describing the finiteness of precisely, using the definition of a gentle basis from [4] .
Let A be a finite unary algebra. An element a ∈ A is called an outer element of A if sg A .a/ is a maximal one-generated subalgebra of A. Otherwise, we say that a ∈ A is an inner element of A. Let A out denote the set of all outer elements of A and let A in denote the set of all inner elements of A. Then A in is a subuniverse of A. A surjection ' : A B is said to be gentle if ' Ain∪sg A .a/ is one-to-one, for all a ∈ A out . Let M be a finite unary algebra and define := ÁËÈ.M/. An algebra P is called a petal of if P is a petal of an algebra belonging to . Let be a set of finite petals of . Then is a gentle basis for if, for every finite petal P of , there is a gentle surjection ' : P B, for some B ∈ . The following three results are proven in [4] . The first lemma shows that gentle surjections are 'nearly' isomorphisms. PROOF. Let M be a finite zero-kernel or one-kernel unary algebra. By Lemma 2.2, there is a finite gentle basis for := ÁËÈ.M/. Choose some k ∈ AE such that k | .P; M/|, for all P ∈ . Define the map f : AE → AE by f .n/ := k 2 n + n − 1. Now let n ∈ AE, let B A M n and let h : A → M.
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J. G. Pitkethly [8] Define È to be the set of all petals of M n . Let È B denote the set of all petals P of
For each P ∈ È, there is a gentle surjection ' P : P P * , where P * ∈ , and we can write .P * ; M/ = {x P1 ; : : : ; x Pk }. For each P ∈ È and all i; j ∈ {1; : : : ; k}, we can define the algebraic operation g Pi j : M n → M by
as M n is the coproduct of its petals. By Lemma 2.4, there is a set Z ⊆ .M n ; M/ of projection functions such that Z separates the elements of B and |Z | |B| − 1. Define Y := Z ∪ {g Pi j | P ∈ È B and i; j ∈ {1; : : : ; k}}: As a = b in M n , there is a homomorphism z : M n → M such that z.a/ = z.b/. By Lemma 2.1, there is a coretraction a : P * ,→ P for ' P with sg P .a/ ⊆ a .P * /. It follows that a • ' P .a/ = a. The homomorphism z • a : P * → M belongs to .P * ; M/ = {x P1 ; : : : ; x Pk }. So there is some i ∈ {1; : : : ; k} such that z • a = x Pi and therefore
Similarly, there exists some j ∈ {1; : : : ; k} with
We have shown that the algebra ¼.A/ is the coproduct of
Now let P ∈ È B . To see that the surjection ¼ P∩ A : P ∩ A ¼.P ∩ A/ is gentle, let a ∈ .P ∩ A/ out and let b; c ∈ .P ∩ A/ in ∪ sg P∩A .a/ with b = c. As .P ∩ A/ in ⊆ P in and ' P is gentle, we have ' P .b/ = ' P .c/. There must be some i ∈ {1; : : : ; k} with
Since Y separates the elements of B, the [9] Strong and full dualisability 195 map ¼ P∩B is one-to-one. It follows by, Lemma 2.1, that there is a coretraction
Thus M has enough algebraic operations.
The next theorem follows straight from Theorem 1.3, Theorem 2.3 and Lemma 2.5.
THEOREM 2.6. Every finite zero-kernel or one-kernel unary algebra is strongly dualisable.
We finish this section by considering quasi-injectivity.
LEMMA 2.7. Every finite zero-kernel or one-kernel unary algebra is n-quasi-injective, for some n ∈ AE.
PROOF. Let M be a finite zero-kernel or one-kernel unary algebra. By Lemma 2.2, there is a finite gentle basis for := ÁËÈ.M/. Every algebra in is a finite petal of . For each finite petal P of , define
Let P be a finite petal of . There is a gentle surjection ' : P B, for some B ∈ . To see that w P n, let a; b ∈ P\C P with a = b. Define the subuniverse P ab := P in ∪ sg P .{a; b}/ of P. Case (b): ' Pab is not one-to-one. Since ' is gentle, we have a; b ∈ P out and sg P .a/ = sg P .b/. There is c a ∈ sg P .a/\ P in and c b ∈ sg P .b/\ P in with '.c a / = '.c b /. We must have sg P .a/ = sg P .c a / and sg P .b/ = sg P .c b /, since c a and c b are outer elements of P. As c a and c b are connected by a fence in P, there must be a unary
We have shown that w P n, for all finite petals P of . To see that M is n-quasiinjective, choose a pair of finite algebras A; B ∈ with B A. Let x : B → M and assume that x extends to n A .B/. Let P be a petal of A with P ∩ B = C A . Then P ⊆ n A .B/, since w P n. So x P∩B extends to P. Since A is the coproduct of its petals, it follows that x extends to A.
Two-kernel three-element unary algebras that are strongly dualisable
The family of two-kernel three-element unary algebras is surprisingly complicated. It contains strongly dualisable algebras, dualisable algebras that are not fully dualisable, and non-dualisable algebras. We begin this section by giving two different classifications of the two-kernel three-element unary algebras. To give the classifications, we require the following easy lemmas from [4] .
LEMMA 3.1 ([4, Lemma 4.1]). Let M be a two-kernel three-element unary algebra.
There is an isomorphic copy of M, on the set {0; 1; 2}, that has kernels {01|2} and {02|1}.
LEMMA 3.2 ([4, Lemma 4.2])
. Let M be a two-kernel unary algebra, on the set {0; 1; 2}, with kernels {01|2} and {02|1}. Then the unary term functions of M all belong to the set {012; 021} ∪ {ppq; pqp | p; q ∈ M}.
We can now restrict our attention to those two-kernel algebras, on the set {0; 1; 2}, that have kernels {01|2} and {02|1}. The most complicated algebra of this kind is .2/ P { f 1 ; f 2 } ¶ F, and { ppq; pqp} ⊆ F, for some p; q ∈ M with p = q;
.2/ M {010; 001; 110} ⊆ F and 222 = ∈ F, or {002; 020; 202} ⊆ F and 111 = ∈ F; .2/ P { f 1 ; f 2 } ¶ F, and { ppq; pqp} ⊆ F, for some p; q ∈ M with p = q; 
Throughout the rest of this paper, we shall prove that the algebras of type .2/ S are strongly dualisable, and that the algebras of type .2/ Q and type .2/ C are not fully dualisable. This will provide us with plenty of examples of dualisable algebras that are not fully dualisable: for instance, each algebra {0; 1; 2}; F such that {101; 220} ⊆ F ⊆ F ] . In [3] (see also [4] ), it is shown that a finite unary algebra is dualisable if its operations form a set of lattice endomorphisms. The proof is particularly short and elegant. So it is slightly surprising that not all of these lattice-endomorphism unary algebras are fully dualisable. In fact, most of the two-kernel three-element latticeendomorphism unary algebras are not fully dualisable. In the proof of Theorem 3.4, we showed that a two-kernel unary algebra whose operations preserve the order , with 1 0 2, must have type .2/ Q unless it is polynomially isomorphic to {0; 1; 2}; 010; 002 .
Every algebra of type .2/ S also has type .2/ R , and is therefore dualisable. We shall prove that every algebra of type .2/ S has enough algebraic operations and is therefore Assume that M has type .2/ S and let F be the set of unary term functions of M.
Then {101; 220} ¶ F, since M does not have type .2/ C . We shall consider the two cases 101; 220 = ∈ F and 101 ∈ F separately. The case 220 ∈ F is symmetric, under conjugation by 021, to the case 101 ∈ F. To see this, assume that 220 ∈ F. We can create an isomorphic copy of M by interchanging the labels 1 and 2. More precisely, there is a unary algebra M , on the set {0; 1; 2}, such that 021 PROOF. Let F denote the set of all unary term functions of M and assume that 220 = ∈ F. Since 010; 002 ∈ F and M does not have type .2/ Q , we know that 110 = ∈ F and 202 = ∈ F. Let ppq ∈ F with p = q. Then 010 • ppq ∈ F and 002 • ppq ∈ F. As 110; 220 = ∈ F, this implies that p = 0. We have 212 = ∈ F, as 002 .i/ x extends to A;
.ii/ x extends to 1 A .B/;
.iii/ whenever u 1 ∈ {010; 020} and u 2 ∈ {002; 001} are term functions of M and a ∈ A with u 1 .a/; u 2 .a/ ∈ B, we have x.u 1 .a// = 0 or x.u 2 .a// = 0.
In particular, the algebra M is 1-quasi-injective.
PROOF. Define F to be the set of all unary term functions of M. We can assume that A M S , for some set S. Clearly (i) implies (ii). To see that (ii) implies (iii), assume that x : 1 A .B/ → M is an extension of x. Let a ∈ A and let u 1 ∈ F ∩ {010; 020} and u 2 ∈ F ∩ {002; 001}, with u 1 .a/; u 2 .a/ ∈ B, such that x.u 1 .a// = 0. We want to show that x.u 2 .a// = 0. First assume that u 1 .a/ ∈ C A ⊆ { 0; 1; 2}. Then u 1 .a/ = 0, and so a = 1.
It remains to show that (iii) implies (i). So assume that condition (iii) holds. By Lemma 3.6 (i), the set A * := A ∩ .{0; 1} S ∪ {0; 2} S / determines a subalgebra of A. We want to define x * : A * → M by
To see that x * is well defined, let u 1 ∈ F ∩ {010; 020}, u 2 ∈ F ∩ {002; 001} and a ∈ A * with u 1 .a/; u 2 .a/ ∈ B. Then x.u 1 .a// = 0 = u 1 .1/ or x.u 2 .a// = 0 = u 2 .2/, by (iii). So x * is well defined. Now let b ∈ B ∩ A * . Then x * .b/ = 2 implies x.b/ = 2, and
Similarly, we have x * .b/ = 1 if and only if x.b/ = 1. Thus x * extends x B∩ A * . Using Lemma 3.6 (i), it is easy to check that x * is a homomorphism. We shall prove that x * extends to a homomorphism x : A → M using Lemma 3.5. Choose some a ∈ A\A * and suppose that x * . f 1 .a// = 0 and x * . f 2 .a// = 0. Since f 1 and f 2 are both idempotent, we must have x * . f 1 .a// = 1 and x * . f 2 .a// = 2. There exist u 1 ∈ F ∩ {010; 020} and u 2 ∈ F ∩ {002; 001} such that PROOF. By [4] , the algebra M is dualisable. So, using Theorem 1.3, it will follow that M is strongly dualisable once we have shown that M has enough algebraic operations. Define f : AE → AE by f .n/ := n. Let n ∈ AE, let B A M n and let h : A → M.
By Lemma 3.6 (i), the set f 1 .M n / ∪ f 2 .M n / = {0; 1} n ∪ {0; 2} n determines a subalgebra of M n . Let m ∈ {1; 2} and let b ∈ f m .B/\{ 0}. Using Lemma 3.5 and Lemma 3.6 (i), there is a homomorphism g b : 
for some j ∈ {1; 2}. Hence h • .¼ B / −1 extends to ¼.A/, whence M has enough algebraic operations.
To make the next two proofs easier to read, we introduce some notation. Assume that M has type .2/ S and let A ∈ ÁËÈ.M/. There is a natural binary relation _ A on A that reflects part of the structure of A. For all a; b ∈ A, we set a _ A b if and only if there is some c ∈ A such that a = f 1 .c/ and b = f 2 .c/. In particular, the algebra M is 1-quasi-injective.
PROOF. Assume that A M S , for some set S. To prove that (ii) implies (iii), assume that x extends to a homomorphism x : 1 A .B/ → M. We first prove two claims. To prove that (iii) implies (i), assume that (iii) holds. By Lemma 3.6 (ii), the sets PROOF. By symmetry, we can assume that 101 is a term function of M. The algebra M is dualisable, by [4] . So, using Theorem 1.3, it suffices to show that M has enough algebraic operations. Define := ÁËÈ.M/ and define the map f : AE → AE by f .n/ := 3n − 2. Let n ∈ AE, let B A M n and let h : A → M. Now let b ∈ f 2 .B/\{ 0}. By Lemma 3.6 (ii), the set f 2 .M n / ∪ C M n determines a subalgebra of M n . Using Lemma 3.6 (ii) and Lemma 3.9, there is a homomorphism
0 otherwise.
The set f 1 .M n / ∪ C M n determines a subalgebra of M n . By Lemma 3.6 (ii) and Lemma 3.9, there is a homomorphism g b :
By Lemma 2.4, there is a set Z ⊆ .M n ; M/ of projections such that Z separates the elements of B and |Z | |B| − 1. Define 
Dualisable three-element unary algebras that are not strongly dualisable
In this section, we will show that every algebra that has type .2/ Q or type .2/ C is not strongly dualisable. This will complete our characterisation of the strongly dualisable three-element unary algebras. Our proof is based on the proof by Hyndman and Willard [7] that the unary algebra {0; 1; 2}; 001; 122 is not strongly dualisable. Most of the results in this section will also be used in the following section to finish the classification of fully dualisable three-element unary algebras. In our proof, we make use of a special pair of ordered sets. Throughout the rest of this paper, and will denote a fixed pair of ordered sets satisfying the conditions of Lemma 4.1. The following lemma gives a general method for proving that a finite algebra is not strongly dualisable. Let denote the category of directed graphs. .ii/ The algebra M is not strongly dualisable. Then w ∈ . ; C/ and so there is a homomorphism w ∈ .B; M/ for which w = w. As w = ∈ . ; C/, we must have w = ∈ X and therefore X = .B; M/. We will show that X forms a closed substructure of D.B/ M ∼ B . As X separates the elements of B, it will follow by Theorem 1.2 that M ∼ does not yield a strong duality on .
PROOF. Let
Let Ã : B → A denote the inclusion map. Then X is the image of the morphism D.Ã/ : D.A/ → D.B/. This implies that X is topologically closed in D.B/ and that X is closed under the operations in G. It remains to check that X is closed under the partial operations in H . So let h ∈ H be a k-ary partial operation, for some k ∈ AE, and let x 1 ; : : : ; x k ∈ X with .x 1 ; : : : ; x k / ∈ dom.h/ D.B/ . We will show that z := h.x 1 ; : : : ; x k / ∈ X.
To show that z ∈ X, it is enough to prove that z ∈ . ; C/. So let c; d ∈ with c d. Now we wish to show that z.c/ z.d/. Since z ∈ .B; M/, we know that z ∈ . ; C/. So we can assume that c d. There exists a subset {c n | n ∈ AE} ∪ {d n | n ∈ AE} of such that c c n and d n d and c n d n c n+1 , for all n ∈ AE. We have x i ∈ . ; C/, for each i ∈ {1; : : : ; k}. As C is finite, there are n; m ∈ AE, with n < m, such that x i .c n / = x i .c m /, for all i ∈ {1; : : : ; k}. Now let M be a unary algebra on the set {0; 1; 2}. In order to apply Lemma 4.2, we shall give a method for constructing algebras in the quasi-variety := ÁËÈ.M/ using ordered sets. 1 otherwise, for all c ∈ P. Define the algebra _ P := sg M P + { _ ab | a; b ∈ P and a b} . If the relation on P is reflexive, we can define the injection Ã P : P → _ P by Ã P .a/ := _ aa . If is equal to , then we write _ P instead of _ P .
The following lemma describes the structure of _ P under some special conditions on and M. For each set S and each a ∈ {0; 1; 2} S , define the partition È.a/ := {a PROOF. Let a; b ∈ P such that a b. For all unary term functions u 1 and u 2 of M, with ker.u 1 / = {02|1} and ker.u 2 / = {01|2}, we have u 1 .
So claim (i) holds and
To prove (ii), it is enough to show that sg
_ bb /, for some a; b ∈ P with a = b and some unary term functions u and v of M. Since the two-block partitions È. _ aa/ and È. The structure of the algebra A := _ P is shown in Figure 1 . The three petals of A ↓2 are sg A . _ aa /, sg A . _ bb / and sg A . _ cc /.
The following lemma shows that the algebra _ P and the graph P; are intimately connected. Define the two-element chain 2 = {1; 2}; such that 1 2. For each set S and s ∈ S, let ³ s : M S → M denote the sth projection function. 
PROOF. As M has type .2/ Q , there are p; q ∈ M, with p = q, such that both ppq and qpq are term functions of M. Define A := _ P . For all x ∈ .A; M/ and a; b ∈ P with a b, we have
and, similarly, x. _ ab/ = 1 if and only if x. _ bb / = 1. So (i) holds.
[21]
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We want to define the map Á : .A; M/ → .P ; 2/ by Á.x/ := x • Ã P . To see that this will work, let x ∈ .A; M/. For each a ∈ P, we have
which implies that x. _ aa / ∈ {1; 2}. Therefore x • Ã P .P/ ⊆ {1; 2}. For all a; b ∈ P such that a b and x. _ aa / = 2, we have x.
_ ab/ = 2 and therefore x. _ bb / = 2, by (i). Thus x • Ã P ∈ .P ; 2/ and Á is well defined. Let x; y ∈ .A; M/ such that Á.x/ = Á.y/ and let a; b ∈ P with a b. Then
by (i), and, similarly, x. _ ab/ = 1 if and only if y. _ ab/ = 1. So x = y and Á is one-to-one.
It remains to show that Á is onto. Let z ∈ .P ; 2/. By Lemma 4.4 (ii), there is a homomorphism z * : A ↓2 → M, given by
such that z * • Ã P = z. We will show that z * extends to a homomorphism z : A → M. Let a; b ∈ P such that a = b and a b. We want to find c ∈ P + with z * sg A .{ _ aa ; _ bb }/ = ³ c sg A .{ _ aa ; _ bb }/ . We will then define z. us that M is not strongly dualisable.
[23]
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We have now finished establishing the classification of strongly dualisable threeelement unary algebras given in the introduction. Part (i) of the characterisation follows from Theorem 2.6. It is shown in [4] that each unary algebra with type .2/ P is not dualisable. So part (ii) of the characterisation follows from Theorems 3.4, 3.8, 3.10, 4.7 and 4.9. The three-kernel three-element unary algebras are shown to be not dualisable, and therefore not strongly dualisable, in [4] . 
To prove that M is not n-quasi-injective, we shall show that x extends to n A .B/ but not to A. The Quasi-injectivity Theorem, given in the introduction, now follows from Lemma 2.7, Theorem 3.4, Lemma 3.7, Lemma 3.9 and Lemma 4.10.
Dualisable three-element unary algebras that are not fully dualisable
In this section, we prove that each unary algebra with type .2/ Q or type .2/ C is not fully dualisable. It will then follow that every fully dualisable three-element unary algebra is strongly dualisable. Our proof is an extension of that given by Hyndman and Willard [7] to show that the unary algebra {0; 1; 2}; 001; 122 is not fully dualisable. The proof in [7] used the fact that both the operations 001 and 122 preserve the total order with 0 1 2. Our proof is more complicated since it must work, in particular, for the algebra M ] , and there is no total order on {0; 1; 2} that is preserved by every operation in F ] . A full duality for a quasi-variety := ÁËÈ.M/ is more subtle than either a duality or a strong duality. At the moment, we have no reason to believe that, if M ∼ is a structure that yields a full duality on , then every extension of M ∼ , via algebraic relations, also yields a full duality on . However, there are some relations that can always be added to a structure M ∼ without destroying a full duality. The following lemma is proved in [7] , by Hyndman and Willard.
Let n ∈ AE and consider an n-ary algebraic relation r on M. Then r is the underlying set of a subalgebra r of M n . The relation r is said to be balanced if .r; M/ = {³ i r | i ∈ {1; : : : ; n}}, and ³ i r = ³ j r , for all i; j ∈ {1; : : : ; n} with i = j . We will work with the relations n , for each n ∈ AE\{1}, and using the properties given in the following lemma. LEMMA 5.3. Let M be a unary algebra of type .2/ Q or type .2/ C . Let m; n ∈ AE\{1} and let a 1 ; : : : ; a n ∈ {0; 1; 2}.
.i/ Let i; j; k ∈ {1; : : : ; n} such that i j k. If a i = a k and a i = a j , then .a 1 ; : : : ; a n / = ∈ n and .a 1 ; : : : ; a n / = ∈ . .ii/ Let ¦ : {1; : : : ; m} → {1; : : : ; n} such that ¦ .1/ = 1, ¦ .m/ = n and ¦ preserves the natural order. If .a 1 ; : : : ; a n / ∈ n , then .a ¦ .1/ ; : : : ; a ¦ .m/ / ∈ m .
.iii/ We have 6 \ ⊆ {.1; 1; 0; 0; 2; 2/; .2; 2; 0; 0; 1; 1/} ⊆ M 6 \ .
PROOF. The three claims follow from the definitions, since all the unary term functions of M belong to the set F ] .
Assume that M has type .2/ Q . The algebras _ and _ in := ÁËÈ.M/ are given by Lemma 4.1 and Definition 4.3 in the previous section. Let M ∼ be an alter ego of M that has 4 and in its type. By Lemma 4.2 (i) and Lemma 4.6 (ii), we know that X := {x _ | x ∈ .
_ ; M/} determines a closed substructure X of M ∼ _ . To show that M ∼ does not yield a full duality on , we shall prove, via a sequence of technical lemmas, that X is not isomorphic to the dual of any algebra in . Now assume that M has type .2/ Q or type .2/ C . We will associate a graph with each algebra in ÁËÈ.M/. Assume that x P = ³ s P or x P = ³ t P , for all x ∈ .A; M/ and all P ∈ È A . Then the map
PROOF. There are unary term functions u 1 and u 2 of M with ker.u 1 / = {02|1} and ker.u 2 / = {01|2}. To see that Á is well defined, let x ∈ .A; M/ and choose P; Q ∈ È A , with P = Q, such that P ∈ Á.x/ and P −→ t A Q. We want to show that Q ∈ Á.x/. As P −→ t A Q, there is some a ∈ A\A ↓2 and {m; m} = {1; 2} such that u m .a/ ∈ P, u m .a/ ∈ Q and a.t/ = m. We must have u m . To show that Á is a bijection, let Z ∈ Á t .A/. As {P\{ 0; 1; 2} | P ∈ È A } forms a partition of A ↓2 \{ 0; 1; 2}, we can define the homomorphism x : A ↓2 → M by
We want to prove that x has a unique extension x : A → M. Let a ∈ A\ A ↓2 and let Q m be the subuniverse of A ↓2 determined by È.u m .a//, for each m ∈ {1; 2}. Then sg A .a/ ⊆ Q 1 ∪ Q 2 ∪ {a; 021.a/}, since every unary term function of M belongs to F ] . We want to find some r ∈ S such that x Q1∪Q2 = ³ r Q1∪Q2 . We shall then define x.a/ := a.r / and, if 021.a/ ∈ A, we shall define x.021.a// := 021.a/.r /. It will follow that x extends to A. .i/ For all x ∈ X and P ∈ È A , we have x P = ³ s P or x P = ³ t P .
.ii/ There is a well-defined order-isomorphism Á : X;
.iii/ For all n ∈ AE and all x 1 ; : : : ; x n ∈ X such that x 1 · · · x n , we have .² s ; x 1 ; : : : ; x n ; ² t / ∈ n+2 .
PROOF. There are unary term functions u 1 and u 2 of M with ker.u 1 / = {02|1} and ker.u 2 / = {01|2}. We must have È A = È B , since A ↓2 = B ↓2 . To prove (i), let x ∈ X and P ∈ È A . There is some a ∈ P such that |È.a/| = 2. The relation is reflexive, so .² s ; x; x; ² t /.a/ ∈ 4 . Since A is locally balanced, the map x P is the restriction of a projection. We now want to show that Á is an isomorphism. Let x; y ∈ X and assume that x y. To see that Á.x/ ⊆ Á.y/, let P ∈ Á.x/. There is some a ∈ P such that |È.a/| = 2. We have .² s ; ² t ; y; ² t /.a/ = .² s ; x; y; ² t /.a/ ∈ 4 and therefore y.a/ = a.t/, by Lemma 5.3 (i). Thus P ∈ Á.y/, which implies that Á. We have proven that Á is an isomorphism, and so (ii) holds.
To prove (iii), let n ∈ AE and x 1 ; : : : ; x n ∈ X with x 1 · · · x n . Let b ∈ B. We will show that there are j; k ∈ {1; : : : ; n}, with j k, such that For each ordered set X; , define Ä .X/ to be the set of all x ∈ X that have a unique lower cover x ↓ in X; . Then the structures Ä .X/; * ;
and È A ; −→ t B ; −→ → t A are isomorphic.
PROOF. There are unary term functions u 1 and u 2 of M with ker.u 1 / = {02|1} and ker.u 2 / = {01|2}. We must have È A = È B , since A ↓2 = B ↓2 . Lemma 5.6 tells us that x P = ³ s P or x P = ³ t P , for all x ∈ X and P ∈ È A , and also that the map Á : X; → Á t .A/; ⊆ , given by Á.x/ := {P ∈ È A | x P = ³ t P }, is an order-isomorphism.
For each P ∈ È A , define the −→ t A -increasing subset Z P := {Q ∈ È A | P −→ → t A Q} of È A . Then Ä ⊆ .Á t .A// = {Z P | P ∈ È A } and so we can define : È A → Ä .X/ by .P/ := Á −1 .Z P /. Since Á is an isomorphism, the map is onto. To see that is one-to-one, suppose that P; Q ∈ È A such that P = Q and .P/ = .Q/.
Then Z P = Z Q . For all x ∈ X, we have x P∪Q = ³ s P∪Q or x P∪Q = ³ t P∪Q , as
Á.x/ ∈ Á t .A/. This is a contradiction, since P and Q determine different partitions of S. Thus is a bijection.
We will show that is an isomorphism between the structures È A ; −→ t B ; −→ → t A and Ä .X/; * ; . Let P; Q ∈ È A such that P = Q. Define x P := .P/ and 
